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Abstract. We study the evolution of the metric perturbations in a Bianchi background in
the long-wavelength limit. By applying the gradient expansion to the equations of motion we
exhibit a generalized “Separate Universe” approach to the cosmological perturbation theory.
Having found this consistent separate universe picture, we introduce the δM formalism for
calculating the evolution of the linear tensor perturbations in anisotropic inflation models in
almost the same way that the so-called δN formula is applied to the super-horizon dynamics
of the curvature perturbations. Similar to her twin formula, δN , this new method can
substantially reduce the amount of calculations related to the evolution of tensor modes.
However, it is not as general as δN ; it is a ”perturbative” formula and solves the shear only
to linear order. In other words, it is restricted to weak shear limit.
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1 Introduction and Motivation
Cosmological perturbation theory is a pivotal step in finding the predictions of the early
Universe models, e.g. inflation [1]. The success of inflationary paradigm can be addressed
from three aspects, even if the linear order perturbations are considered. At the classical level,
inflating background can tell us why has the early Universe been so flat and homogeneous. At
the quantum level, inflaton vacuum fluctuations (the only thing that could be survived from
inflation era) can explain the presence of very tiny initial inhomogeneities, as indispensable
primordial seeds for large scale structure of the Universe. At the statistical point of view
(the only way for checking theory by data in cosmology) simplest inflationary models predict
nearly scale invariant, adiabatic and almost Gaussian statistics almost consistent with recent
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observations [2]. Nevertheless, it is crucially important to go beyond the linear order to be
able to discriminate among different cosmological models. For example, any tiny detection
of the non-Gaussianity would rule out all the slow-roll inflationary models, since they predict
non-Gaussianity of the order of the slow-roll parameters [3].
Amid different ways for studying Einstein equations, approximation methods are im-
portant tools in cosmology and specially in the analysis of the observed anisotropies of the
Cosmic Microwave Background (CMB). A powerful approximation technique used in cos-
mology is the so called “long-wavelength approximation scheme” or “gradient expansion”.
This method has been brought up and studied by many authors in cosmology previously
[4–14]. The “quasi-isotropic” solution of Lifshitz and Khalatnikov [4, 5] who studied the
general behavior of the space-time near the cosmological singularity, the “anti-Newtonian”
solution of Tomita [6, 7] who investigated cosmological perturbations on super-horizon scale,
and the “long-wavelength iteration scheme” of Salopek and Bond [8] all had set up on the
same approximation idea, gradient expansion. Comer et al. studied the solution of Einstein
equation expanded by spatial gradient via adopting the synchronous time slice [9]. Nonlin-
ear perturbations near the cosmological singularity was also investigated by Deruelle and
Langlois [10].
The gradient expansion scheme employs an expansion in powers of gradient operator.
It is practically built upon neglecting the inhomogeneities varying over scales smaller than a
smoothing scale. When the expansion is applied to the Einstein equations of motion, as the
expansion parameter goes to zero, one gets a universe locally similar to the background. One
important advantage of using this method is the fact that nonlinear characteristics of the
dynamical equations governing the remaining perturbations are preserved. Furthermore, at
first order in parameter expansion, the perturbed dynamic equations have exactly the same
form as homogeneous background. In other words, the information about perturbed fields can
be found through a simple “rescaling of the background” fields up to higher order corrections
in gradient expansion. This is the essence of the so-called “Separate Universe” approach
[11, 15, 16]. With regards to this point, δN formalism has been developed for computing
super-horizon curvature perturbations in the context of inflationary paradigm [16, 17, 20, 21].
In this formalism, the long-wavelength scalar perturbations show resemblance to (; so can
be absorbed in) the integrated expansion of the background geometry evaluated from some
initial time t0, when all relevant fields are sufficiently outside their horizon up to the end of
inflation.
In this work, we proceed to more general background geometries for the purpose of
promoting the separate universe picture and to accommodate gravitational perturbations.
Therefore, for this purpose, we follow the steps below:
• First of all we study the long-wavelength perturbations in Bianchi background in the
3+1, Arnowitt-Deser-Misner (ADM) decomposition [22, 23]. This decomposition has
been found to be more appropriate for the purpose of applying gradient expansion
[14, 20, 21, 24, 25].
• Secondly, we apply the gradient expansion to the equations of motion and come up
with a set of equations valid up to the first order of the gradient expansion. This set
of equations are the pillars of the separate universe picture of the anisotropic inflation
models.
• For the third step, we exhibit the consistent separate universe picture of the cosmo-
logical perturbation theory in the Bianchi background. We show how the similarity of
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the long wavelength perturbations to a background parameters changes the associated
parameters. Particularly we demonstrate that the perturbed equations can be recast
exactly in the form of background equations. From theoretical point of view without
concerning about possible applications, we study the evolution of the super-horizon
metric perturbations in a Bianchi background.
• The main step of this work is a generalization of the the so-called δN formula, δN = ψ,
to a relation applicable for tensorial degrees of freedom. Inspired by the idea of the
δN formalism, one finds that the answer lies within the geometrical shear, σij and
anisotropic expansion of the perturbed Bianchi metric. The simplest models with
non-vanishing shear are Bianchi space-times; this is essentially the reason of studying
cosmological perturbation theory in anisotropic models. To put it another way, the
Bianchi background is the simplest extension of the Friedmann-Lemaˆıtre-Robertson-
Walker (FLRW) background capable of incorporating or admitting the tensor pertur-
bations.
• Finally, we identify the (scalar and tensor) observable perturbations in the homogeneous
background. Accordingly we exhibit the δM formalism as a prescription for calculating
non-trivial, linear tensorial modes in the similar fashion as the so called δN formalism.
For the sake of clarity, we emphasize that the constant long-wavelength gravitational
waves are not physical degrees of freedom in the sense that it can be gauged away at lead-
ing order in gradient expansion via a large gauge transformation likewise adiabatic scalar
perturbations [3, 26]. This implies that the only meaningful tensor perturbations on super-
horizon scales are the “would-be” decaying modes which are the ones which correspond to
the shear in an anisotropic universe. These modes always fade away in an expanding back-
ground unless they are sourced by non-negligible anisotropic stress. In other words, a FLRW
space-time does not have any appropriate background dynamical quantity supporting the
tensorial degrees of freedom. However, in the anisotropic inflation models [27–30], usually
the anisotropic stress show up and as a result there are a bunch of non-trivial interactions
between scalar and tensor modes. This actually makes the calculations of the correlation
function a cumbersome project. By employing the proposed δM method, the calculations of
the correlation functions of the perturbations astonishingly shrink.
Several authors have studied the behavior of gravitational waves in Bianchi-I universe
[30, 31]. It is worth emphasizing that this work is not aimed to study the problem of
the gravitational waves in a general Bianchi-I background. Instead, we exploit the Bianchi
background as a suitable choice capable of incorporating tensorial degrees of freedom. This
suggests that the long-wavelength tensor perturbations would redefine the integrated shear
of the background metric.
In standard model of cosmology, the geometry of our Universe, smoothed on large
enough scales, is well described by a spatially expanding FLRW solution. The extra de-
grees of freedom that control the expansion may trigger a phase of anisotropic expansion
(through an anisotropic tensor). The current CMB observations show that the deviation
from isotropy is small [2, 32]. Therefore, in a gradient expansion approach, only the “weak
shear limit” [33, 34] in which the induced shear is small can provide good insight into the
super-horizon perturbations. In order to implement this approximation, we employ a two
parameter perturbation scheme [35, 36] in which besides perturbations the geometrical shear
is also considered as an extra perturbative degree. Therefore in deriving the δM formula, two
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expansion schemes are applied; gradient expansion, for studying long-wavelength perturba-
tions and weak shear limit, as a limit in which the modes evolve independently and reach to
FLRW Universe. A decomposition of spatial fields into scalar, vector and tensor modes lets
us to identify two independent degrees of freedom which geometrically match gravitational
waves ( or vector perturbations) in FLRW space-times. Our result confirms the independent
evolution of these modes at linear order.
In this paper we adopt a (− + ++) metric signature, and will use the Greek letters
(µ, ν, α, β, ... = 0, 1, 2, 3) and the middle Latin indices (i, j, k, l, ... = 1, 2, 3) to denote space-
time indices (base space) and its spatial part, respectively.
The rest of the paper is organized as follows: In Sec. 2 we study an anisotropic model
of cosmology which provides a homogeneous set up in separate universe approach. In Sec. 3
we study the non-linearly perturbed Einstein equations and apply the gradient expansion to
those equations. In Sec. 4, we show that separate universe picture holds in an anisotropic
universe, and discuss about the dynamics of super-horizon perturbations in FLRW limit in
Sec. 5. A short review of δN formula is followed by the derivation of δM formula in Sec. 6.
The conclusion and discussions are given in Sec. 7. Some technical details are relegated into
Appendices.
2 Background Geometry
The homogeneous backgrounds can be classified by general Bianchi metrics. Among those,
the simplest choice with non-zero shear is Bianchi type-I
ds2 = g¯µνdx
µ dxν = −dt2 + γ¯ij(t)dxi dxj . (2.1)
It is well known that spatial part of the metric can be cast into the following form [37, 38]:
γ¯ij(t) = e
2N(t) ˆ¯γij , ˆ¯γij = (e
2M(t))ij , (2.2)
where N andM represent shape-preserving volume expansion and volume-preserving shape
deformation, respectively. It is clear that N is a scalar function of time andM is a symmetric
trace free, 3× 3 matrix. The matrix exponential is the series ∑∞n=0(2M )n/n!. Furthermore
since ˆ¯γij is a tensor density with unit-determinant, M has to be traceless. Here and from
now on, a bar over any quantity denotes its unperturbed value (unless otherwise is specified),
and the indices of Mij will be raised by δ
ij and Mij is a measure of the homogeneous changes
in Euclidean metric; so Mij =M
i
j =M
ij.
Neither N norM has any absolute geometrical meaning at a single instant of time. In
the sense that, one can eliminate them at a specific time by a constant general linear trans-
formation. However the time derivative of these quantities are of great physical significance
which will be discussed extensively in the following. As an example, for a unperturbed flat
FLRW space-time, N would be integrated expansion N =
∫
H dt while one has Mij = 0,
where H = a˙(t)/a(t) is Hubble expansion rate and a(t) denotes the scale factor. For an
inflationary universe N is clearly the so-called total number of e-folds, N = ln a(t).
In the same manner as flat FLRW space-times, one can define an average Hubble ex-
pansion rate, H, for Bianchi space-times, as a characteristic parameter. However contrary to
isotropic FLRW space-times, in Bianchi models, cosmic shear, ˆ¯σij , as a measure of anisotropic
expansion exists. The average Hubble rate and cosmic shear rate are defined in terms of time
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derivatives of N and Mij as
H ≡ N˙ , (2.3)
ˆ¯σij ≡ 1
2
˙¯ˆγij =
1
2
d
dt
(e2M )ij . (2.4)
Hence N can be interpreted as the integrated expansion,
N =
∫
H dt . (2.5)
Under the assumption that M commutes with its derivative, [M˙ ,M ] = 0 ( See App. B for
more details), the shear rate simply reduces to the time derivative of Mij , as
ˆ¯σij = M˙
i
j . (2.6)
Here the indices of ˆ¯σij are raised by ˆ¯γ
ij = (e−2M )ij . Therefore Mij can be interpreted as
integrated shear,
M ij =
∫
ˆ¯σij dt . (2.7)
Applying (3 + 1)-decomposition on the metric (2.1), the components of n¯, the unit
time-like vector normal to the constant cosmic time hyper-surface Σt, will be
n¯µ =
[
1,~0
]
, n¯µ =
[
−1,~0
]
. (2.8)
The expansion rate of the n¯ congruence is given by
Θ¯ = 3N˙ , (2.9)
and its shear rate σ¯ij by
σ¯ij = e
2N ˆ¯σij
=
1
2
e2N
d
dt
(e2M )ij . (2.10)
Note that indices of σ¯ij can be raised by γ¯
ij = e−2N ˆ¯γij , therefore σ¯ij = ˆ¯σ
i
j = M˙
i
j .
2.1 Background Equations
In App. A, we discuss about the Einstein equations in terms of the variables of the ADM
formalism. In this subsection we study Eqs. (A.16)-(A.21) and continuity Eqs. (A.22)-(A.23)
in the background space-time (2.1). In cosmic time, t, The only non-zero Christoffel symbols
of (2.1) are
Γ¯0ij = e
2N [N˙ ˆ¯γij + ˆ¯σij] , Γ¯
i
0j = e
2N [N˙δij + ˆ¯σ
i
j ] . (2.11)
The extrinsic curvature of this hyper-surface, Kij = −∇in¯j, is usually decomposed into trace
part, K, and trace free part, Aˆij , as
Kij =
1
3
Kγ¯ij + e
2N Aˆij . (2.12)
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Using Eqs. (A.13) and (A.14) we get
K = −3N˙ , (2.13)
Aˆij = −ˆ¯σij = −1
2
˙¯ˆγij = −1
2
d
dt
(e2M )ij . (2.14)
Plugging a homogeneous energy momentum tensor Tij(t) in Hamiltonian constraint,
evolution equations for components of extrinsic curvature, K and Aˆij , are given by
2
3
K2 =
2
M2P
E + AˆijAˆ
ij , (2.15)
K˙ = AˆijAˆ
ij +
1
3
K2 +
1
2M2P
(E + S) , (2.16)
˙ˆ
Aij = − 1
M2P
Sˆij +KAˆij − 2AˆikAˆkj . (2.17)
Here E = T00 is energy density, S and Sˆij are trace and trace free part of stress tensor,
respectively. Moreover, the momentum density Ji = T0i, vanishes from the momentum
constraint (A.17). (for details see App. A). Also the energy conservation equation (A.22) is
given by
E˙ + 3N˙(E +
1
3
S) + ˆ¯σijSˆ
ij = 0 . (2.18)
Finally, by using Eqs. (2.13) and (2.14), Eq. (2.17) can be rewritten as
˙¯ˆσij + 3N˙ ˆ¯σ
i
j =
1
M2P
Sˆij. (2.19)
which are governing equations for the dynamics of the shear tensor.
2.1.1 Fluid and Scalar Field Description
If matter can be described as a fluid, we consider the following form of the background energy
momentum tensor
T¯µν = (ρ¯+ p¯) u¯µ u¯ν + p¯ g¯µν + π¯µν . (2.20)
As we will note in App. A, ρ¯, p¯ and π¯µν are the relativistic energy density, the isotropic
and the anisotropic pressure, respectively. Moreover momentum constraint dictates that
heat transfer must vanish. u¯µ is the fluid’s four-vector velocity, which its components in the
comoving coordinate associated with the fluid read as
u¯µ =
[
1,~0
]
, u¯µ =
[
−1,~0
]
. (2.21)
In this case fluid’s velocity is not tilted relative to the normal vector of constant time hyper-
surface, i.e. n¯ = u¯. It is easily to check that E = ρ, Ji = 0, S = 3p and Sˆij = e
−2N π¯ij ≡ ˆ¯πij .
By using (2.11), (2.20) and (2.21), the energy conservation equation, −uµ∇νT µν = 0,
can be written as
˙¯ρ+ 3N˙(ρ¯+ p¯) + ˆ¯σij ˆ¯π
ij = 0 . (2.22)
It is worth mentioning that the evolution of a scalar field (A.34) in this background is
given by the following equation (√
γ¯ ˙¯ϕ
)
˙+
√
γ¯ Vϕ = 0 , (2.23)
where γ¯ = det[γ¯ij ] = e
6N .
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3 Perturbed Geometry
Having calculated background equation of a Bianchi-I universe, it is time to tackle the prob-
lem in the presence of the perturbations. We write the perturbed metric in the ADM ( 3+1
decomposition) form
ds2 = gµνdx
µdxν
= −α2(t,x) dt2 + γij(t,x)
(
dxi + βi(t,x) dt
)(
dxj + βj(t,x) dt
)
, (3.1)
where α and βi are lapse function and shift vector, respectively in ADM approach and γ is the
spatial metric of constant-t hyper-surfaces, gij = γij. The spatial indices can be raised and
lowered by γij , e.g. βi = γijβ
j . We consider the following decomposition for the perturbed
spatial metric
γij(t,x) = e
2N (t,x)(e2M(t,x))ij , (3.2)
where N is the scalar function and Mij is a traceless 3 × 3 matrix. Then, we separate the
homogeneous and inhomogeneous parts of N and Mij in this way
N (t,x) = N(t) + ψ(t,x) , (3.3)
Mij(t,x) =Mij(t) + hij(t,x) , (3.4)
in which ψ and hij are metric perturbations. Similar to FLRW background, ψ quantifies the
curvature perturbations. hij may be represented by 3× 3 symmetric traceless matrix which
can be decomposed into scalar, vector and tensor modes in Bianchi-I backgrounds [28, 29].
In the rest of this section, we discuss about the evolution equations in long-wavelength
perturbations limit. As it is mentioned in introduction, a successful approach to study these
perturbations, would be the gradient expansion method.
3.1 First Expansion Scheme: Gradient Expansion
The gradient expansion for any quantity is an expansion in the spatial gradient, ∂k, of the
quantity. In practice, after focusing on a fixed time, each spatial gradient is multiplied by
a parameter ǫ, and then the expansion as a power series in ǫ is performed. The expansion
would be useful if relevant quantities are assumed to be smooth on a smoothing scale, which
we denote it by L. In cosmological applications, this scale is chosen to be somewhat below
the shortest scale of cosmological interest, L < k−1. To find the smoothing scale for the
perturbed universe described above, one notes that
at each point x on a spatial hyper-surface with the spatial three metric γij(t,x), there
are couple of characteristic scales. We denote a characteristic comoving length in xk direction,
i.e., the scale of inhomogeneity by Lk,
∂kγij ∼ L
−1
k γij , (3.5)
and introduce L, as the biggest comoving scale among the set of Lks and other scales intro-
duced by the shear eigenvectors or energy momentum tensor. By virtue of the first assumption
in a separate universe model, all the scales which are small compared to L are smoothed.
In other words, on lengthscales smaller than L, the space is almost homogeneous and the
3-metric depends only on time. It is worth emphasizing that on these scales the metric is
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homogeneous but not necessarily isotropic [39]. A second distinguished scale, T−1 is the
biggest comoving scale1 on which the background 3-metric evolves,
∂tγij ∼ Tγij . (3.6)
In a FRW background, (aH)−1 is the only geometric scale, whereH =
a˙
a
and a = (det[γij ])
1/6.
In Bianchi spacetimes, however, three scales are introduced by the shear eigenvectors and
one more by energy momentum tensor. Assuming that those are all of the same order, we
define a parameter m which relates different scales together, (aH)−1 = mT−1. We implicitly
presumed that m < 1. In the scales shorter than the smoothing length scale L, one can safely
ignore all the spatial gradient terms with respect to the time derivative terms:
∂kγij ≪ ∂tγij ⇐⇒ L≫ T−1 . (3.7)
It is easy to see that when (3.7) is satisfied, L ≫ (aH)−1 would be trivially valid. We also
suppose that the sphere of comoving radius L does not affect on a cosmological scale k−1,
although it greatly simplifies the analysis, as we shall see. In the language of perturbation
theory, L−1 is related to the comoving wavenumber of perturbations, k. So we can define
gradient expansion parameter as
ǫ ≡ k
T
. (3.8)
With regard to (3.7), we have ǫ≪ 1, so in any gradient expansion, one can omit higher
order terms in ǫ to the desired accuracy. When applied to Einstein equations of motion, at
the leading order in ǫ the universe locally evolves like the homogeneous background universe
with appropriate modified parameters. In the very long-wavelength limit, say L→∞, all the
perturbations are ignored and our universe is assumed to be smooth. By this assumption,
the universe at each position will evolve as if it were homogeneous, which means the fields
will obey evolution equations like those in a homogeneous universe, but now described by
local scale factor, Hubble expansion rate and shear tensor. This approach is the separate
universe approach to the cosmological perturbation theory. In the separate universe picture
there exists an appropriate set of coordinates in which the metric and equations of motions
of any local region can be written as the unperturbed background form.
3.2 Gradient Expansion of Perturbed Equations
Since we are interested in the evolution of long-wavelength perturbations, we shall apply
gradient expansion on the field equations. Our physical assumption is that the smoothing
length is sufficiently large, i.e. ǫ → 0. Then all the perturbative quantities must disappear
in this limit and the universe becomes locally a Bianchi one. To be precise, by locally we
mean, a region sufficiently larger than the new horizon, T−1, but significantly smaller than
the smoothing scale L. Let s be a comoving scale in the region, we have T−1 < s < L < k−1.
Here, and throughout, superhorizon perturbations refer to those that satisfy k ≪ T ; so the
Bianchi universe approximation is valid throughout the entire superhorizon era, k ≪ T .
1This fast timescale corresponds to the timescale of interaction of anisotropy source with metric and is
equal to that of non-adiabatic (vector/ tensor) metric perturbations, while for adiabatic ones, the timescale
is (aH)−1.
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There are two classes of perturbations. First, those who have background counterparts.
The second class, there are perturbations which are not supported by the background dynam-
ics. these quantities must vanish by going to the smoothing limit, ǫ→ 0. In this subsection
we shall show that ψ, hij , δE, δS, and δSˆij correspond to the first class, whilst βi and Ji
must vanish in this limit, namely as βi ∼ O(ǫn), and Ji ∼ O(ǫn′). Here, Ji = TµνnµΣνi
refers to the perturbed momentum density. Also note that α is not constrained by separate
universe assumptions. It is actually of order ∼ ǫ0. In studying the perturbed equations, we
will work with τ instead of t, as local proper time.
Let us examine what the momentum constraint tells us about the gradient expansion
ordering of βi and Ji. Plugging
Ji = 1
α
(Ti0 − βkTki) (3.9)
into Eq. (A.17) yields
DjAˆji −
2
3
∂iK = 1
M2P
1
α
(βkTki − Ti0) . (3.10)
Hence, the momentum constraint can be satisfied if the magnitudes of shift vector and Ti0
are at most of the first order in the parameter of gradient expansion, say
Ji ∼ Ti0 ∼ βi ∼ O(ǫ) . (3.11)
This result would be our guideline to apply gradient expansion to the field equations.
Now, by using (A.13) and (A.14) and noting that βi ∼ O(ǫ), trace and traceless parts of the
extrinsic curvature, will be
K = −3N ′ +O(ǫ2) , Aˆij = −σˆij +O(ǫ2) , (3.12)
where
σˆij =
1
2
γˆ′ij , γˆij = (e
2M)ij . (3.13)
Here, and throughout, the primes indicate derivative with respect to proper time, τ ,
dτ = (α2 − βkβk)1/2 dt = α dt+O(ǫ2) . (3.14)
Using a general energy momentum tensor Tµν(t,x), ADM equations (A.16),(A.18)-(A.21)
read as:
2
3
K2 = 2
M2P
E + AˆijAˆij +O(ǫ2) , (3.15)
K′ = AˆijAˆij + 1
3
K2 + 1
2M2P
(E + S) +O(ǫ2) , (3.16)
Aˆ′ij = −
1
M2P
Sˆij +KAˆij − 2AˆikAˆkj +O(ǫ2) . (3.17)
The above relations form a complete set of equations for studying the dynamics of a
smoothed patch of the Universe. Also the continuity equation (A.22) is given by
E ′ + 3N ′(E + 1
3
S) + σˆijSˆij = O(ǫ2) . (3.18)
– 9 –
3.2.1 Fluid and Scalar Field Description
Using the definition of the energy momentum tensor for a generalized fluid (A.26), the mo-
mentum density is given by
−Ji = qi + 1
α
(βk + vk) (πik + (ρ+ p)γik) +O(β3, v3, β2v, βv2, v3, β2q, v2q, βvq) . (3.19)
Therefore, one can satisfy the momentum constraint by considering that the first non-zero
terms in gradient expansion of the shift vector, spatial velocity and heat transfer are
βi ∼ vi ∼ qi ∼ O(ǫ) . (3.20)
The first relation in (A.27) implies that
q0 = −viqi ∼ O(ǫ2) ,
π00 = v
ivjπij ∼ O(ǫ2) ,
π0i = −vjπij ∼ O(ǫ) . (3.21)
Using above gradient expansion ordering, one can see that E = ρ/α2 + O(ǫ2), S =
3p+O(ǫ2), Sˆij = e−2Nπij +O(ǫ2) ≡ πˆij +O(ǫ2).
It would be advantageous to apply the gradient expansion to the continuity equation and
the equation of motion of a scalar field. Using (3.20), (3.21), and the ordering of Christoffel
symbols given in App. D, one can see that the energy is conserved up to O(ǫ2),
ρ′ + 3N ′(ρ+ p) + σˆij πˆij = O(ǫ2) . (3.22)
Also, by using Cramers rule, g = −α2γ, where g = det[gµν ] and γ = det[γij ], the equation of
motion of a scalar field (A.34) can be rewritten as
(√
γϕ′
)′
+
√
γ Vϕ = O(ǫ2) , (3.23)
where γ = det[γij ] = e
6N +O(ǫ2).
4 Separate Universe
Separate universe approach to the cosmological perturbation theory claims that perturbed
universe, on scales much smaller than the wavelength of the smoothing scale, behaves locally
as a separate universe with different background parameters. We will show that these regions
evolve as locally homogeneous universes independently. As it is mentioned before, in the so-
called separate universe approach perturbation equations (in the long-wavelength limit) are
brought back to the form of the background equations. We show that the separate universe
picture is valid in the finite momentum limit to the first order in the gradient expansion
ǫ. This means that the non-trivial physical perturbations can be incorporated into the
background in the super-horizon limit.
By the way, comparing the perturbed equations (3.15)- (3.17) with those of the ho-
mogeneous background (2.15)- (2.17), the perturbation equations can be drawn out of the
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background equations through the following replacements,
t→ τ(t,x) , (4.1)
K(t)→ K(t,x) , (4.2)
Aˆij(t)→ Aˆij(t,x) , (4.3)
E(t)→ E(t,x) , (4.4)
S(t)→ S(t,x) , (4.5)
Sˆij(t)→ Sˆij(t,x) . (4.6)
Moreover, the perturbed continuity equation (3.22) and perturbed scalar field equation (3.23)
match the background versions (2.22) and (2.23) by applying the above replacements. Let us
emphasize that Eqs. (3.15)-(3.17) are valid to all order in perturbations δ with corrections up
to second order of gradient expansion O(ǫ2). It should be noted that the gradient expansion
parameters can be chosen arbitrarily small irrespective of the order of perturbations. The
above results, indicate that
Every super-horizon smoothed patch of the Universe (with the size much smaller
than the wavelength of the perturbations) evolves like a separate Bianchi universe
with its own energy density and stress tensor which varies from patch to patch.
This shows that there is a consistent separate universe picture for the case of the generalized
fluid in the Bianchi geometry.
The fundamental result of the above analysis is that the “functional form” of the evo-
lution of each (locally) perturbed separate universe patch is the same as the background.
As a result, the solution for the perturbed equation can be momentarily found by simple
replacements in the background solutions. It is worth mentioning that all the information
about inhomogeneities are enfolded in the initial conditions and in the proper time τ . For
an example, assuming the following form for the solution of the scalar field equation (2.23),
ϕ¯(t) = ϕ¯[t, ϕ¯0(t0), ˙¯ϕ0(t0)] , (4.7)
the solution of the perturbation equation (3.23) can be found almost for free as
ϕ(τ,x) = ϕ¯[τ, ϕ0(τ0,x), ϕ
′
0(τ0,x)] . (4.8)
Here, ϕ¯0(t0) and ϕ0(τ0,x) denote initial value of scalar field solution in the background and
perturbed level, respectively, and ϕ0(τ0,x) is computed at position x.
The separate universe picture in Bianchi geometry holds for any choice of gauge which
respects βi = O(ǫ) condition. One may dispute that the resemblence of the equations for
homogeneous fields to the equations at gradient expansion where the spatial gradients are
neglected seems trivial. The non-trivial point in our work is related to smoothing large but
finite wavelengths and then studying Fourier modes of interest in superhorizon era, k ≪ T .In
other words, to the leading order of the gradient expansion, the separate universe picture is
valid for a finite smoothing scale.
Apart from the anisotropy of the smoothed universe, there is another subtle difference
between separate universe picture in anisotropic and isotropic models. In the latter, some
degrees of freedom are gauged away by an appropriate coordinate transformation. In this
regard, Sugiyama et.al choose the ψ = Ci = 0 to fix the gauge completely [20], where Ci
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refers to the scalar and vector part of hij . There are other alternative choices for fixing the
gauge (see e.g. [11] and [14]), too. However, the intriguing point about our work is that the
smoothed universe model serve as an unperturbed (Bianch I) universe without imposing any
further gauge condition.
5 FLRW Limit
Thus far, we have accomplished setting up a consistent separate universe picture of the
Bianchi geometries. However, a realistic and observationally consistent model for the Uni-
verse is a simple FLRW model with high spatial symmetry. Our achievements would be
untenable unless we study the perturbations on a near isotropic Bianchi model. This study is
aimed to find tensor perturbations in near FLRW anisotropic inflationary models; so we have
to decompose the metric perturbations to identify scalars, vectors and tensors in isotropic
limit. Fortunately, going to the zero-shear limit makes the calculations remarkably simple.
As it is shown in the following, in this limit the evolution of different components of the shear
tensor as well as the isotropic expansion decouple which is a great relief.
In this section, we first decompose the traceless, symmetric spatial 3-tensors into differ-
ent components and then find the dynamics of each component in zero-shear limit. By using
two parameter perturbation scheme introduced in [35] and shortly reviewed in Appendix E,
we will derive nearly-isotropic limit of those classes. In this section, we work with background
values of ˆ¯σij and ˆ¯γij, but we omit bars above them, for brevity.
5.1 Adaptive Decomposition
For studying inhomogeneities in an anisotropic background, it is very useful to decompose the
spatial perturbations of metric and matter in a local basis adapted to the given wave vector
ki [28]. One should be careful about non-trivial relation between vectors and co-vectors in
anisotropic geometries. The comoving wave co-vectors are constant, k˙i = 0; while the dual
vectors, ki = γˆijkj , change with time.
We define a set of local, orthonormal basis {kˆi, e2i , e3i } which span the constant time
hyper-surface. kˆi corresponds to the normalized momentum of a mode and bases {e2i , e3i }
span the subspace orthogonal to kˆi. Note that the above basis is defined up a a rotation
about the ki 2.
Any traceless symmetric spatial 3-tensor Xij has 5 independent components which can
be decomposed on the local basis introduced above in the following way
Xij =
3
2
(kˆikˆj − 1
3
γˆij)X‖ + 2
∑
a=2,3
kˆ(ie
a
j)Xa +
∑
λ=+,×
eλijXλ . (5.3)
2 The decomposition of any (3-dimensional) vector and symmetric tensor in this basis are given by
Vi = (kˆ
j
Vj)kˆi + P
j
i Vj , (5.1)
Vij = (
1
3
γˆ
kl
Vkl)γˆij + (
3
2
T
kl
Vkl)Tij + 2kˆ(i(P
m
j) kˆ
n
Vmn) + Λ
mn
ij Vmn. (5.2)
Here Pij ≡ γˆij − kˆikˆj , Tij ≡ kˆikˆj −
1
3
γˆij and Λ
ab
ij ≡ P
a
i P
b
j −
1
2
PijP
ab are the projection operator onto the
subspace perpendicular to kˆi, trace extracting operator and the projector on tensor modes, respectively.
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The components, {X‖,Xa,Xλ}, can be obtained by applying projection along kˆikˆj, kˆ(iej)a
and the polarization tensor eλij as
eλij =
e2i e
2
j − e3i e3j√
2
δλ+ +
e2i e
3
j + e
3
i e
2
j√
2
δλ× . (5.4)
It can be easily checked that
γˆijX
ij = 0 , X‖ = Xijk
ikj , Xa = Xijk
ieja , Xλ = Xije
ij
λ . (5.5)
Let us emphasize that though X‖,Xa and Xλ explicitly depend on ki they should not
be interpreted as the Fourier components of Xij , since this dependence appear solely as a
result of local anisotropy of space.
Now, by employing Eq. (5.5) the equations of motion (2.15)-(2.18) transform to more
convenient forms. Exploiting Eq. (5.5) the trace of square of shear σ2 ≡ σˆij σˆij can be written
as
σ2 ≡ σˆij σˆij = 3
2
σ2‖ + 2
∑
a=2,3
σ2a +
∑
λ=+,×
σ2λ . (5.6)
In a like manner, the mixed term that appears in continuity equation (2.18) expanded to
σˆij Sˆij =
3
2
σ‖Sˆ‖ + 2
∑
a=2,3
σaSˆa +
∑
λ=+,×
σλSˆλ . (5.7)
As it will be discussed in the following section the anisotropy of the observed universe put
observational bounds on the different components of the shear tensor, σ‖, σa, σλ ≪ H.
Now, using Eq. (5.6) and (5.7), the background equations of (2.15),(2.16) and (2.18)
can be rewritten in terms of the components of ˆ¯σij and Sˆij as
N˙2 − 1
3M2P
E =
1
4
σ2‖ +
1
3
∑
a=2,3
σ2a +
1
6
∑
λ=+,×
σ2λ , (5.8)
N¨ + N˙2 +
1
6M2P
(E + S) = −1
2
σ2‖ −
2
3
∑
a=2,3
σ2a −
1
3
∑
λ=+,×
σ2λ , (5.9)
E˙ + 3N˙ (E +
1
3
S) = −3
2
σ‖Sˆ‖ − 2
∑
a=2,3
σaSˆa −
∑
λ=+,×
σλSˆλ (5.10)
in which the Eq.(2.13) and (2.14) are used. Moreover, the time evolution of components of
the shear tensor (σ‖, σa, σλ) can be easily obtained from Eq. (2.19)
σ˙‖ + 3N˙σ‖ =
1
M2P
Sˆ‖ − 2
∑
a
σ2a , (5.11)
σ˙a + 3N˙σa =
1
M2P
Sˆa +
3
2
σaσ‖ − 2
∑
b,λ
σbσλC
λ
ab , (5.12)
σ˙λ + 3N˙σλ =
1
M2P
Sˆλ + 2
∑
a,b
σaσbC
λ
ab , (5.13)
where Cλab is defined as
Cλab = e
i
a e
j
b e
λ
ij . (5.14)
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5.2 Second Expansion Scheme: Weak Shear Limit
We recall that Bianchi universe models are anisotropic expanding models that are spa-
tially homogeneous. These models fall into different classes; certain types of Bianchi models
(Bianchi type-I for an example) have continuous isotropic limit [33, 43].
In this limit, in which the rotational symmetry is almost restored, the shear tensor can
be decomposed into five “non-interacting” modes (i.e. scalar, vector and tensor) under SO(3)
group [32, 33]. There are different upper limits on different modes of shear tensor. However
for our purpose it is enough to work with
m ∼ σij
H
, (5.15)
which quantifies the typical ratio of the shear tensor modes to isotropic expansion rateH = N˙ .
There is a theoretical upper bound onm (and in turn on σˆij σˆ
ij). The local positivity of energy
density in the Hamiltonian constraint (2.15) implies that m <
√
6 [28]. Roughly speaking,
according to the observations this ratio is limited to m . 10−6 [2, 32] .
With regard to the above considerations, we have3
M ij ∼ O(m) , σˆij ∼ O(m) , Sˆij ∼ O(m) . (5.16)
In order to attain the isotropic limit, we employ a two-parameter perturbation scheme.
Consider a background FLRW space-time and a family of space-times diffeomorphic to the
background for describing the perturbed geometrics. Each member of the family is labelled
by some value of parameters (m, δ), representing the shear and perturbation strength, re-
spectively. Besides the usual metric and matter perturbations, the geometrical shear (and/or
anisotropic stress) is also considered as an extra orthogonal perturbative degree of freedom.
For any quantity X, one considers a perturbation series X =
∑∞
a,b=0X
(a,b) in which (a, b)
indicate powers in σ and the order of (matter/metric) perturbation, respectively. In small
shear approximation, a is limited to be at most one. One can simply check that homogeneous
perturbation, Mij , is of order (0,1) while curvature perturbation, ψ, and different compo-
nents of hij are of order (1,1). More details and some rigorous mathematical considerationson
about two parameter perturbation theory can be found in App.E.
It is easy to see that, in the isotropic limit m→ 0, Eqs. (5.8)-(5.13) shrink to
N˙2 =
1
3M2P
E +O(m2) , (5.17)
N¨ + N˙2 = − 1
6M2P
(E + S) +O(m2) , (5.18)
E˙ + 3N˙ (E +
1
3
S) = O(m2) , (5.19)
σ˙χ + 3N˙σχ =
1
M2P
Sˆχ +O(m2) , χ = ‖, a, λ (5.20)
These equations are the nearly-isotropic Bianchi equations, which among them Eqs.(5.17)-
(5.19) are the FLRW background equations up to O(m2), and (5.20) governs the evolution
of shear components which can be used to derive the time evolution of Mij components. In
3In the following, the order shown in the parantheses refer to the tensors nondimentioned with adequate
powers of isotropic expansion, H .
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App.B we show that σˆij = M˙
i
j +O(m3) which in turn give the components of shear, σij , in
terms of the time derivative of the integrated shear. In the zero shear limit, one readily finds
σχ = M˙χ +O(m2) , χ = ‖, a, λ. (5.21)
Note that, the O(m2) corrections would disappear in case one has [M ,M˙ ] = 0. The basis
vectors {kˆi, eai } and consequently the polarization tensor eλij have non-vanishing time deriva-
tive in order to keep their orthonormal structure on each constant time hyper-surface. The
time evolution of these quantities are of order O(m) [28]. As a result, the components of
anisotropies satisfy the following equations in the FLRW limit of the background geometry:
M¨χ + 3N˙M˙χ =
1
M2P
Sˆχ +O(m2) , χ = ‖, a, λ. (5.22)
Having found the dynamics of homogeneous part of components of integrated shear Mij in
the isotropic limit, the dynamics of those components in the presence of long wave-length
perturbations is at hand. Intuitively, one may expect that the same result does hold for every
perturbed patch of the universe in the long wave-length limit. The separate universe picture
states that the perturbed patches smoothed on a super-horizon scale evolve completely similar
to an unperturbed universe. Therefore a complete set of equations for N (x, t) and component
of integrated shear Mij(x, t) in the near FLRW geometries are as following
N ′2 = 1
3M2P
E +O(m2, ǫ2) , (5.23)
N ′′ +N ′2 = − 1
6M2P
(E + S) +O(m2, ǫ2) , (5.24)
E ′ + 3N ′(E + 1
3
S) = O(m2, ǫ2) , (5.25)
M′′χ + 3N ′M′χ =
1
M2P
Sˆχ +O(m2, ǫ2) , χ = ‖, a, λ . (5.26)
Using the δM formula, one can find tensor perturbations, for example, through solving
the above equations with appropriate initial and final conditions. In the following section
the prescription for finding tensor perturbations is addressed in detail.
6 Calculating some observable perturbations
In this section, we discuss about the solutions of long wavelength perturbations. Their gov-
erning equations can be found from the perturbed equations discussed in Appendix A. These
solutions help us to calculate some observable perturbations, as the powerful δN formalism
paves the way of studying a scalar gauge invariant perturbation in FRLW spacetime. Al-
though, the δN formalism has been extensively worked on, in the following, we review the
important points behind this influential formula. Then we proceed to construct a similar
formalism to calculate tensor gauge invariant perturbations and denote it δM formalism.
6.1 δN formalism
As a convenient scalar quantity, we start with a geometric quantity, the spatial curvature
perturbation, which is customary to use when super-horizon scalar perturbations are dis-
cussed. We review two different methods, discussed in literature, which relate the curvature
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perturbation to the number of e- folds computed between two time slices. First, we pursue
the method adopted by Sasaki et al. in [11], where the perturbation equations of motion are
investigated in the gauge specified by ψ˙ = β = 0. In this gauge, the dynamics of scalar field
perturbation will resemble closely to that of the background, if the time coordinate is taken
to be the e-folding number N of the cosmic expansion. It can be easily seen that , in above
gauge, the scalar perturbation h|| is related to the curvature perturbation, R and has since
different components of Mij satisfy (5.26), it has the following dynamics
h¨|| + 3N˙ h˙|| = δS|| +O
(
ǫ2,m2
)
. (6.1)
Hence, up to O (ǫ2,m2) and with initial condition h|| (t0) = 0, we obtain
h|| (t,x) = c|| (x)
∫ t
t0
e−3Ndt+
∫ t
t0
e−3N
[∫ t
t0
δS||e
3Nd´´t
]
dt´. (6.2)
In the language of [11], in which the anisotropic stress tensor is zero and e-folding number
plays the role of time, the curvature perturbation is given by
R (N,x) |ψ˙=0 = c (x)
∫ N
N0
e−3N´dN´
H
. (6.3)
Applying a gauge transformation (which is a residual gauge degree of freedom corre-
sponding to an infinitesimal time translation) given by an appropriate δN to the perturbation
in ψ˙ = β = 0 gauge, moves R (N) to comoving curvature perturbation, Rc = R (N) + δN .
The amplitude of spatial curvature perturbation on the comoving hypersurface is then given
by
Rc = ∆N |flat→comoving + c (x)
∫ N
N0
e−3N
H
dN´. (6.4)
This has a correction in comparison to the standard δN formula. This correction term clearly
decays in inflationary models.
The authors in [11] showed that the amplitude of spatial curvature perturbation on
comoving hyper-surface can be calculated from the knowledge of the background solutions,
alone. In comoving gauge, the uniform N slices are orthogonal to the fluid 4-velocity, ZN ,
of a fluid element Z. Similarly, for a general field Z, with background value Z¯, this can be
described as LXZ.ZN = 0 and in case of linear perturbations it gives
δZ.Z¯N + δN
(
Z¯N
)2
= 0⇒ δN = −δZ.Z¯N(
Z¯N
)2 . (6.5)
Here X is the comoving vector field given by X = ddN and LX is the Lie derivative with
respect to X. On the other hand, δZ as a perturbation of the background field Z¯, can also
be constructed from the background solutions; δZ(α) = ∂Z¯/∂λ
α, where λα = (N,λa) and
λas are integration constants which distinguish various phase space solutions. The authors
also showed that with slow rolling assumption, not only c = 0 but also δZ(a).Z¯N = 0, and
the calculation result would be the famous δN formula.
The second approach in calculating the curvature perturbation is given in [20], where the
separate universe picture is valid in flat gauge specified by ψ = h|| = ha = 0 with β = O (ǫ)
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and α = 1. They work with gauge invariant curvature perturbation in the uniform density
gauge, ζ ≡ ψ|δρ=h||=ha=0. A gauge transformation (of a time translation type), like the one
we ended up in Appendix C, moves ψ from a flat time-slice to a uniform density time-slice.
In this gauge transformation, Li = O (ǫ), where Lis are the spatial degrees of freedom. This
condition preserves the order of perturbation β in gradient perturbation scheme. Equation
(C.11) shows the ψ changes under the gauge transformation in which h|| = ha = 0. Moving
from flat gauge,
(
ψ = h|| = ha = 0
)
, to uniform density gauge,
(
δρ = h|| = ha = 0
)
, gives ζ
as a perturbation to the number of e-folds, N ;
ζ ≡ ψ|δρ=h||=ha=0 = δN. (6.6)
The authors in [20] showed that super-horizon ζ perturbations are conserved in a universe
dominated by a single scalar field, provided that either the slow roll conditions are satisfied
or we neglect a decaying mode solution.
In zero-shear limit, the dynamics of scalar perturbations on FLRW and Bianchi space-
times are the same4. In other words, up to O
(
ǫ2,m2
)
, the spatial curvature perturbations on
a uniform N Bianchi hyper-surface are practically indistinguishable from the one discussed
above; so in Bianchi spacetimes also ψ|δρ=h||=ha=0 can be calculated by δN formula, with the
same considerations for the accuracy of the formula. δN formalism in anisotropic inflation
has been thoroughly studied in [41].
6.2 δM formalism
In anisotropic inflationary models, super-horizon perturbations are influenced by an anisotropic
background. The decomposition of the perturbations showed that δSλ, plays role in the evolu-
tion of tensor perturbations. The behavior of some spatial three-tensor perturbed quantities
under the infinitesimal coordinate transformation generated by the Lie derivative satisfying
Li = O (ǫ), is discussed in Appendix C. There are some physical quantities, for example Sij ,
γij or σij, which are not scalars but transform like scalars. As we show in Appendix C,
Mij is one of these scalar-like objects. It is easy to see that under the above transforma-
tion, the energy density ρ and e-folding number, N are also four-scalars. One can use the
Stewart-Walker lemma [36, 40] to show that different components ofMij are gauge invariant
perturbations to the FLRW limit spacetimes under general gauge transformations.
One can construct a gauge-invariant combination of the tensor modes. In linear order,
we have
Hλ ≡ hλ|δρ=h||=ha=0 = hλ −
σλ
H
δρ
ρ˙
(6.7)
as a gauge invariant tensor mode [28]. This is the tensor perturbation in the ”uniform density
gauge”. We study the conservation of this observable, in long wavelength limit, and show
that unless the slow-roll conditions are violated; so it can be used to express the contribution
of tensor modes in temperature and polarization anisotropies. By neglecting the O
(
ǫ2,m2
)
terms, the equations governing hλ|δρ=h||=ha=0 can be obtained from (A.21) as
H¨λ + 3N˙H˙λ + 3ψ˙Mλ = δSλ.
4Except that h|| is not a pure gauge (as in FLRW) and this affects on its dynamics. This does not worry
us, because it is chosen to be zero in both initial and final gauges.
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Since ψ˙|δρ=0 = ζ˙ ≈ 0, the third term vanishes5 and a straightforward solution is given by
Hλ (t,x) = H
(1)
λ (x) +H
(2)
λ (x)
∫ t
t0
e−3Ndt´+
∫ t
t0
e−3N
[∫ t
t0
δSλe
3Nd´´t
]
dt´,
where H
(1)
λ = Hλ (t = t0) and H
(2)
λ =
(
H˙λe
3N
)
t=t0
. Obviously, the solution proportional
to H
(2)
λ is an adiabatic decaying solution in inflationary models. The third term in the
right hand side would be a decaying mode, if
∫ t
t0
δSλe
3Ndt´ evolves slower than e3N . Thus,
Hλ ≡ hλ|δρ=h||=ha=0 would be conserved, if we neglect the decaying mode solutions. In the
following, we give a recipe for calculating this observable. It goes without saying that like her
twin formula, δN , the validity of the result depends on the model. This is naturally expected
to be valid in any inflationary scenario, in which the amplitude of variation of anisotropic
stress is of order O (ǫ1orǫ2)6.
The relation of different components of hij with the amount of Mij changes under the
gauge transformation generated by ti → tf = ti + T and Li = O (ǫ) can be read from
equation (C.13). It is easy to see that for variations of the background Mλ between an
initial flat hypersurface in which ψ = h|| = ha = 0 and a final uniform density hyper-surface
described by
Mλ (ti,x) =Mλ (ti) + hλ (ti,x)→Mλ (tf ) +O(ǫ2,m2), (6.8)
(6.9)
the tensor perturbation in comoving gauge are given by
Hλ(tf ,x) = δMλ(ti, tf ) (6.10)
Equation (6.10) is δM formula appropriate for calculating long wavelength tensor pertur-
bations. This is a geometric, gauge invariant identity relating the tensor perturbations in
Bianchi spacetime to the background.
Hλ can be readily related to the perturbed initial fields in the initial gauge. In a
gauge transformation from the flat to the comoving gauge, the energy density transform as
ρ (ti,x)→ ρ¯ (tf ). We recall that, Li = 0; so there is no ambiguity with respect to the spatial
gauge degrees of freedom. In separate universe picture, the perturbed quantities are related
to their unperturbed values, using the initial fields solutions. Therefore, for the perturbed
energy density we have
ρ (ti,x) = ρ¯ (ti,ΦI (t0,x)) . (6.11)
For the sake of brevity, we used ΦI to refer to the values of scalar, vector or higher order
fields, which take part in the problem as well as their derivatives. Here, t0 refers to the initial
time coordinate at the time all the ΦI fields were sufficiently outside their horizon. As it
is shown in (C.10), energy density is a scalar and we have ρ (ti,x) = ρ¯ (tf ). This added to
(6.11) can be used to yield
ti = tf (ρ¯,ΦI (t0,x)) . (6.12)
5In fact, ζ˙ is of the order of accuracy of the δN formalism
6In other words, δSλ should be a super-horizon mode in a inflationary background
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Equation (6.12) shows that i) the final hyper-surface coincides with uniform density and ii)
the ”‘functional form”’ of the time coordinates in initial and final hypersurface are the same.
With these results, equation (6.10) is given by
Hλ =Mλ (ρ¯,ΦI (t0,x))−Mλ
(
ρ¯, Φ¯I (t0)
)
(6.13)
It may be written in terms of the perturbations of initial fields, δΦI (t0,x) ≡ ΦI (t0,x) −
Φ¯I (t0),
Hλ =Mλ,IδΦI (x) +
1
2
Mλ,IJδΦI (x) δΦJ (x) + . . . , (6.14)
where
Mλ,I ≡
∂Mλ
[
ρ¯, Φ¯J
]
∂Φ¯I
, Mλ,IJ ≡
∂2Mλ
[
ρ¯, Φ¯K
]
∂Φ¯I∂Φ¯J
, (6.15)
and ellipsis in (6.14) indicates the higher order terms in Taylor expansion of background
function. δM formalism in this form relates H to the perturbations of the initial fields. It is
important to note that all the perturbations are computed in the flat gauge. ζ is also related
to the initial scalar field perturbations computed in flat gauge [20],
ζ = NIδΦI (x) +
1
2
NIJδΦI (x) δΦJ (x) + . . . , (6.16)
where
NI ≡
∂N
[
ρ¯, Φ¯J
]
∂Φ¯I
, NIJ ≡
∂2N
[
ρ¯, Φ¯K
]
∂Φ¯I∂Φ¯J
. (6.17)
As stated above, δM formalism holds under the assumption that the so called adiabatic de-
caying modes can be neglected. One can recognize that in models with negligible ansiotropic
stress Sˆλ, the variation δMλ is of the order of the accuracy of the formalism. However, we
are particularly interested in the effect of non vanishing ansiotropic stress on tensor pertur-
bations, which in principle could significantly change total tensor perturbation in anisotropic
inflation models. We showed that non-adiabatic tensor perturbations are found by only
knowing the background Mλ solution just like the comoving curvature perturbation is found
by knowing the total background e-folding number.
7 Summary and Conclusion
We have applied the gradient expansion to the evolution equations of perturbations in an
anisotropic (Bianchi-I) universe. As a consequence, we came up with a consistent separate
universe approach to the perturbation theory. This has been demonstrated by the form
invariance of Einstein constraint and dynamical equations at long-wavelength perturbation
limit.
In particular, we have found how the different classes of perturbations can be absorbed
in homogeneous but anisotropic background parameters. To be specific, the background
geometrical shear can be redefined in such a way that absorb long-wavelength vector and
tensor perturbations comparable to what the scale factor does for scalar perturbation in the
standard δN formalism.
We have obtained a powerful tool called δM formalism which relates the amplitude
of spatial perturbations to the change in Mij , which in turn is defined to measure the ho-
mogeneous changes in Euclidean metric. In particular, the change in the amplitude of a
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gravitational wave, with comoving wavelength k−1, going from one time slice to another is
related to variations of integrated shear Mλ =
∫ t
t0
σλ dt
′ calculated between two initial flat
and final uniform density hyper-surfaces. It should be mentioned that in contrast to its
analogous δN formula, this relation is restricted to linear perturbations on FLRW universe.
Even though we started the analysis non-perturbatively, we neglected σ2 terms in the right
hand side of equations (5.11-5.13); this will inevitably result in a perturbative formula, which
is restricted to weak shear limit.
Apart from the theoretical interest in studying long-wavelength perturbations in the
anisotropic background, the proposed δM formalism is a powerful method for studying the
perturbations in anisotropic inflationary models [27]. Specifically, it is a tool for dealing non-
trivial interaction between scalar and tensor modes showing up in anisotropic inflationary
models. In a word, employing the δM formalism substantially simplifies the calculations
of the correlation functions of the linear perturbations in these models. We believe that
inclusion of first order anisotropy corrections to FLRW model is accurate enough for the
analysis of the observational features of an anisotropic model on the CMB. The likelihood of
detecting anisotropies with higher accuracy motivates the development of different methods
of computing the perturbations.
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A Conformal 3+1 Decomposition
In the ADM decomposition [22, 23], the metric is expressed as (3.1), with the following matrix
form
gαβ =

−α
2 + βkβk βi
βj γij

 , gαβ =


−1
α2
βi
α2
βj
α2
γij − β
iβj
α2

 .
Any smooth physical space-time in the standard ADM formalism can be decomposed
into a unit time-like vector n and a constant time hyper-surfaces, Σt, which is normal to it.
The components of n in the space-time (3.1) are given by
nµ = [−α , 0] , nµ = 1
α
[
1,−βi] . (A.1)
The induced metric (the first fundamental form) on Σt, is defined as
Σµν = gµν + nµnν . (A.2)
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Therefore the spatial part of induced metric is γij . The extrinsic curvature (the second
fundamental form) of Σt, K is defined as
Kij ≡ −∇inj = 1
2α
(Diβj +Djβi − γ˙ij) , (A.3)
where the dots denote time derivatives with respect to cosmic time t, and ∇ and D are
the covariant differential operators constructed by using gµν and γij by means of related
Christoffel symbols Γαµν and
3Γkij, respectively. One can check that Kij = αΓ0ij .
In the context of (3+1)-decomposition of Einstein equations, the dynamical variables
are the spatial three metric, γij, and the extrinsic curvature, Kij . The components of
(n, n) ≡ Gµνnµnν , and (n, i) ≡ GµνnµΣνi , of the Einstein equations yield Hamiltonian and
momentum constraints, respectively and (i, j) ≡ GµνΣµi Σνj = Gij components give the evolu-
tion equations for extrinsic curvature. The evolution equations for the spatial part of induced
metric are given by the definitions of the extrinsic curvature (A.3).
To write down Einstein equations, Gµν =M
−2
P Tµν whereM
−2
P = 8πG/c
4 is the reduced
Planck mass and G is the gravitational constant, we need an energy momentum tensor as a
source. It is convenient to represent the independent components of the energy momentum
tensor as energy density E = Tµνnµnν , momentum density Ji = TµνnµΣνi , and stress tensor
Sij = TµνΣµi Σνj .
In the ADM decomposition the four constraints (one Hamiltonian and three momentum
constraints) are
3R+K2 −KijKij = 2
M2P
E , (A.4)
DjKji −DiK = −
1
M2P
Ji . (A.5)
Moreover, two sets of dynamical equations for γij and Kij can be found as follows
∂tγij = −2αKij +Diβj +Djβi , (A.6)
(∂t − βk∂k)Kij = Kkj∂iβk +Kik∂jβk −DiDjα+ α(3Rij +KKij − 2KikKkj )
− α
M2P
(Sij − 1
3
γijγ
klSkl) , (A.7)
where 3Rij and 3R are Ricci tensor and Ricci scalar of spatial three metric respectively and
K is a trace part of Kij . The indices of Kij are raised by γij .
York [42] has shown that the two degrees of freedom of the gravitational field are carried
by the conformal equivalence classes 7 of spatial three metrics. Since we are going to focus
on tensor perturbations, the metric must be further decomposed, We follow Lichnerowicz
[23] who has decomposed the spatial metric γ into a positive scalar field Θ and an auxiliary
metric γ˜:
γ = e2Θ γ˜ . (A.8)
This relation is a conformal transformation and γ˜ a conformal spatial three metric. We go
further through enfolding determinant part of γ into e2N and make an unit-determinant
conformal metric γˆ, γˆ = det [γˆij ] = 1,
γij = e
2N γˆij . (A.9)
7All metrics that can be related to γ by a conformal transformation such as (A.8) are in the same class
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So we have γˆij = γ
−1/3 γij , where γ = det [γij ]. In fact γˆ is a tensor density of weight -2/3.
This unit-determinant metric can be used to decompose the spatial metric into the expansion
and anisotropic parts as Misner and Hawking have done for studying Bianchi space-times
[37, 38].
For further simplifications of equations, all the spatial quantities (Kij , 3Rij,Sij) are
decomposed into trace and traceless parts
Kij = 1
3
K γij + e2N Aˆij , (A.10)
3Rij = 1
3
3Rγij + e2N 3Rˆij , (A.11)
Sij = 1
3
S γij + e2N Sˆij , (A.12)
where K = γijKij , 3R = γij3Rij and S = γijSij. The indices of the traceless quantities,
(Aˆij, 3Rˆij , Sˆij) are raised and lowered by γˆij and γˆij , respectively. The explicit forms of K
and Aˆij are given by
K = Kii = γijKij =
1
α
(Dkβ
k − 3N˙ ) , (A.13)
Aˆij = e−2N (Kij − 1
3
Kγij) = − 1
2α
˙ˆγij +
e−2N
2α
(Diβj +Djβi − 2
3
Dkβ
kγij) . (A.14)
It is easy to show that Aˆij is traceless,
Aˆii = −
1
2α
γˆij ˙ˆγij = − 1
2α
˙ˆγ = 0 . (A.15)
3Rˆij , S and Sˆij can be interpreted as anisotropic Ricci tensor, isotropic and anisotropic
pressure, respectively.
By applying the above decompositions to Eqs. (A.4)-(A.7), one finds the equations
governing the newly defined fields. The constraint equations turn into
3R+ 2
3
K2 − AˆijAˆij = 2
M2P
E , (A.16)
DjAˆji −
2
3
∂iK = − 1
M2P
Ji . (A.17)
The dynamical equations for the spatial metric (N , γˆij) are
(∂t − βk∂k)N = 1
3
(−αK + ∂kβk) , (A.18)
(∂t − βk∂k)γˆij = −2αAˆij + γˆik∂jβk + γˆjk∂iβk − 2
3
γˆij∂kβ
k . (A.19)
The dynamical equations for extrinsic curvature (K, Aˆij) are
(∂t − βk∂k)K = α(AˆijAˆij + 1
3
K2)− γijDiDjα+ α
2M2P
(E + S) , (A.20)
(∂t − βk∂k)Aˆij = α(KAˆij − 2AˆikAˆkj )−
α
M2P
Sˆij + α 3Rˆij − e−2N (DiDjα− 1
3
γijDkD
kα)
+ Aˆik∂jβk + Aˆjk∂iβk − 2
3
Aˆij∂kβk . (A.21)
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The above equations in addition to matter equations constitute a complete set to solve.
Matter obeys the field equations and the continuity equations. The continuity equations,
∇νT νµ = 0, are given by
(∂t − βk∂k)E − α
(
K(E + 1
3
S) + Kˆij Sˆij
)
+ αDiJ i + 2J iDiα = 0 , (A.22)
(∂t − βk∂k)Ji − α
(
KJi −DjSji
)
+
(
Eδji + Sji
)
Djα = 0 . (A.23)
The symmetric unit-determinant conformal metric γˆ is usually expressed in terms of a
symmetric trace-free matrixM as
γˆij = (e
2M)ij . (A.24)
Then, as is well known det[γˆij ] = e
2TrM = 1 where TrM =Mii = 0. The matrix exponential
is defined via Taylor expansion.
(e2M)ij =
+∞∑
n=0
(2M)nij
n!
= δij + 2Mij + 2
2
2!
MkiMkj +
23
3!
MkiMklMlj + ... , (A.25)
in which Mij = δikMkj.
A.1 Fluid and Scalar Field Description
If matter is described as a fluid with 4-velocity uµ, its energy-momentum tensor Tµν will be
decomposed uniquely as
Tµν = ρuµuν + pPµν + qµuν + qνuµ + πµν , (A.26)
supplemented with the following conditions
qµu
µ = 0 = πµνu
ν , πµµ = 0 , πµν = πνµ , πµνP
µν = 0 . (A.27)
Here ρ is the relativistic energy density relative to uµ (measured by an observer at rest with
the fluid), p is the isotropic pressure, qµ usually is referred to as “heat conduction”, which is
also the energy flux (relativistic momentum density) relative to uµ and πµν is the trace-free
anisotropic pressure (stress) tensor. Also Pµν = gµν + uµuν is the projection tensor onto the
surface of perpendicular to uµ.
The components of fluid’s four-velocity,
uµ =
dxµ
dτ
, uαuα = −1 , (A.28)
where τ is proper time measured along the world line, are given by
uo = [α2 − (βk + vk)(βk + vk)]−1/2 ,
ui = uovi ,
uo = −uo[α2 − βk(βk + vk)] ,
ui = u
o(vi + βi) . (A.29)
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Here vi is the spatial velocity, vi ≡ dxi/dt = ui/u0, and vi = γijvj .
The hydrodynamic equations are the energy (continuity equation) and momentum (Eu-
ler equations) conservation which can be extracted form ∇νT νµ = 0 as follow
−uµ∇νT νµ = 0 , (A.30)
(gαµ + u
αuµ)∇νT νµ = 0 . (A.31)
One can think of a scalar field instead of a fluid. If we assume that the Universe is filled
with a scalar field ϕ, described by the following Lagrangian
L = −1
2
∂µϕ∂µϕ− V , (A.32)
the stress-energy tensor of it reads as
Tµν = ∂µϕ∂νϕ+ gµν
(
−1
2
∂αϕ∂αϕ− V
)
, (A.33)
and its equation of motion as
1√
g
∂µ (
√
ggµν∂νϕ)− Vϕ = 0 , (A.34)
where Vϕ =
dV
dϕ
and g = det[gµν ].
B M as an Integrated Shear
In this appendix we investigate conditions under which M can be interpreted as integrated
shear. The bars over the background shear and the background unit-determinant metric are
omitted here for brevity.
Before moving on, we will derive the explicit form of shear in terms of matrix M ij . We
start from the symmetry property of γˆij, γˆ
ij and σˆij ,
σˆki γˆkj = σˆ
k
j γˆki , (B.1)
to show σˆij = γˆ
ikσˆkj = σˆjkγˆ
ki. With the help of γˆij = (e−2M )ij and applying Baker-Hausdorff
formula 8 into σˆij = σˆjkγˆ
ki we get
σˆij =
1
2
d
dt
(e2M )jk (e
−2M )ki
=
1
2
∞∑
n=1,3,5,...
2n
n!
[
M ,
[
M · · · [M ,︸ ︷︷ ︸
n-1
M˙ ]
]
· · ·
]i
j︸ ︷︷ ︸
n-1
+
1
2
∞∑
n=2,4,6,...
2n
n!
[
M ,
[
M · · · [M ,︸ ︷︷ ︸
n-1
M˙ ]
]
· · ·
]i
j︸ ︷︷ ︸
n-1
.
(B.2)
8 d
dt
eM e−M = M˙ +
1
2!
[M,M˙ ] +
1
3!
[
M, [M, M˙ ]
]
+ ... .
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On the other hand σˆij = γˆ
ikσˆkj gives
9
σˆij =
1
2
(e−2M )ik
d
dt
(e2M )kj
=
1
2
∞∑
n=1,3,5,...
2n
n!
[
· · ·
[
[︸ ︷︷ ︸
n-1
M˙ ,M ] · · ·M
]
,M
]i
j︸ ︷︷ ︸
n-1
+
1
2
∞∑
n=2,4,6,...
2n
n!
[
· · ·
[
[︸ ︷︷ ︸
n-1
M˙ ,M ] · · ·M
]
,M
]i
j︸ ︷︷ ︸
n-1
.
(B.3)
By using [A,B] = −[B,A] and equating (B.2) and (B.3) we have
∞∑
n=2,4,6,...
2n
n!
[
· · ·
[
[︸ ︷︷ ︸
n-1
M˙ ,M ] · · ·M
]
,M
]i
j︸ ︷︷ ︸
n-1
= 0 . (B.4)
Therefore the shear will be
σˆij = M˙
i
j +
1
2
∞∑
n=3,5,...
2n
n!
[
· · ·
[
[
︸ ︷︷ ︸
n-1
M˙ ,M ] · · ·M
]
,M
]i
j︸ ︷︷ ︸
n-1
. (B.5)
In Sec. 5.2 We defined m as a measure of anisotropy. Therefore (B.5) results in 10
σˆij = M˙
i
j +O(m3H) . (B.6)
In general, M ij cannot be considered as an integrated shear. However, if [M ,M˙ ] = 0, this
would be the case. There are some trivial cases that [M ,M˙ ] = 0, for example: M is a
diagonal matrix or when time independence of M can be factored out, e.g. M ij = e
iωtGij ,
where Gij is a constant matrix.
Let us investigate some other situations in which [M˙ ,M ] = 0,
[
[M˙ ,M ],M
]
= 0, ... .
A trace-less symmetric matrixM may be expressed in terms of an orthogonal matrix O and
a diagonal trace-free matrix D,
M = ODOT . (B.7)
Then
M˙ = O[ΩD + D˙ −DΩ]OT , (B.8)
where antisymmetric Ω = OT O˙, represents the angular velocity of the principal axes ofM .
Demanding
[M˙ ,M ] = 0 , (B.9)[
[M˙ ,M ],M
]
= 0 , (B.10)
...
9e−M
d
dt
eM = M˙ +
1
2!
[M˙,M ] +
1
3!
[
[M˙,M ],M
]
+ ... .
10We note that σˆij = γˆikσˆ
k
j = M˙ij +O(m
2H), where Mij = M
i
j .
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results in
Ωij(d(i) − d(j))2 = 0 , (B.11)
Ωij(d(i) − d(j))3 = 0 , (B.12)
...
where Dij = d(i)δij , and there is no summation on (i) and (j). Therefore, requiring that[
...
[
[M˙ ,M ],M
]
, ...
]
= 0 results in [M˙ ,M ] = 0. There are three solutions for Eqs. (B.11)
and (B.12):
1st D = 0, soM = 0; FLRW space-time,
2nd Ω = 0, so O = const. matrix. i.e. M can be diagonalized by a constant matrix O at
any constant time hyper-surfaces.
3rd Each of Ω and D has only one degree of freedom:
Ω =

 0 ω 0−ω 0 0
0 0 0

 , D =

 d 0 00 d 0
0 0 −2d

 . (B.13)
So in this caseM has two degrees of freedom and the space-time would be a Bianchi-I
with planar symmetry. This is the case has been studied in [41].
C Nonlinear Gauge Transformations
In this appendix, we investigate the behavior of N andM under coordinate transformations.
We define nonlinear gauge transformation by T as temporal generator and Li as spatial shift
generator,
t→ t˜ = t+ T (t, xi) , (C.1)
xi → x˜i = xi + Li(t, xi) , (C.2)
or conversely
t = t˜+ T˜ (t˜, x˜i) , (C.3)
xi = x˜i + L˜i(t˜, x˜i) . (C.4)
Under any change of the coordinates, the line element remains invariant,
ds2 = −(α2 − βkβk) dt2 + 2βi dt dxi + γij dxi dxj
= −(α˜2 − β˜kβ˜k) dt˜2 + 2 β˜i dt˜ dx˜i + γ˜ij dx˜i dx˜j . (C.5)
Equating the coefficient of dt˜2, dt˜ dx˜i, and dx˜i dx˜j on both sides of the above, we obtain
α˜2 − β˜kβ˜k = (α2 − βkβk)(1 + ∂t˜T˜ )2 − 2βi(∂t˜L˜i)(1 + ∂t˜T˜ )− γij(∂t˜L˜i)(∂t˜L˜j) , (C.6)
β˜i = −(α2 − βkβk)∂i˜T˜ (1 + ∂t˜T˜ ) + βj
(
∂i˜T˜ ∂t˜L˜
j + (1 + ∂t˜T˜ )(δ
j
i + ∂i˜L˜
j)
)
+ γij(∂t˜L˜
j)(δji + ∂i˜L˜
j) , (C.7)
γ˜ij = −(α2 − βkβk)(∂i˜T˜ )(∂j˜ T˜ ) + 2βk(∂i˜T˜ )(δkj + ∂j˜L˜k) + γkl(δki + ∂i˜L˜k)(δlj + ∂j˜L˜l) . (C.8)
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From (C.7) and βi ∼ O(ǫ), spatial shift generator Li is also O(ǫ). Hence, (C.8) can be
rewritten as
γ˜ij(t˜, x˜
i) = γij(t, x
i) +O(ǫ2) . (C.9)
By taking the determinant of both sides, we will get
N˜ (t˜, x˜i) = N (t, xi) +O(ǫ2) , (C.10)
which results in
N˜(t˜) + ψ˜(t˜, x˜i) = N(t) + ψ(t, xi) +O(ǫ2) . (C.11)
From equations (C.9) and (C.10) we have
M˜ij(t˜, x˜i) =Mij(t, xi) +O(ǫ2) , (C.12)
and
M˜ij(t˜) + h˜ij(t˜, x˜
i) =Mij(t) + hij(t, x
i) +O(ǫ2) . (C.13)
It is easy to see thatMij transforms as a rank 2 tensor under purely spatial coordinate
transformations
∂ix˜
k∂j x˜
lM˜kl = (δki + ∂i˜L˜k)(δlj + ∂j˜L˜l)M˜kl
= M˜ij(t˜, x˜i) +O(ǫ2)
= Mij(t, xi) +O(ǫ2). (C.14)
On the other hand we know γˆ is a tensor density of weight -2/3,
γˆij(t,x) = J
−2/3 ∂ix˜
k ∂jx˜
l ˜ˆγkl(t˜, x˜) , (C.15)
where
J = det [
∂x˜i
∂xj
] = det [δij + ∂jL˜
i] = 1 +O(ǫ2) . (C.16)
Therefore we recover (C.12) again.
D Order Counting of Spatial Ricci Tensor
We use ADM metric (3.1) and calculate the Christoffel symbols
Γαµν =
1
2
gαβ(∂µgβν + ∂νgµβ − ∂βgµν) , (D.1)
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which by assuming βi ∼ ∂i ∼ O(ǫ) yields
Γ000 = α´+O(ǫ2) , (D.2)
Γ0i0 =
1
α
∂iα+
βj
α
γ´ij +O(ǫ2)
=
N´
α
βi +
1
2α
e2Nβj γˆ´ij +O(ǫ2) , (D.3)
Γ0ij =
1
2α
γ´ij +O(ǫ2)
=
N´
α
γij +
1
2α
e2N γˆ´ij +O(ǫ2) , (D.4)
Γi00 = −βiα´+
1
2
γij(α∂jα+ ∂tβj) +O(ǫ2) , (D.5)
Γij0 =
α
2
γikγ˙kj +O(ǫ2)
= αN δ´ij +
α
2
γˆik γˆ´kj +O(ǫ2) , (D.6)
Γijk =
3Γijk −
1
2α
βiγ´jk +O(ǫ2) . (D.7)
As noted before, the primes indicate derivatives with respect to proper time, ∂τ , and
3Γijk
and 3Γˆijk are spatial Christoffel symbols related to γij and γˆij , respectively,
3Γijk =
1
2
γil(∂jγlk + ∂kγjl − ∂lγjk)
= 3Γˆijk + ∂jN δik + ∂kN δij − ∂lN γˆilγˆjk , (D.8)
3Γˆijk =
1
2
γˆil(∂j γˆlk + ∂kγˆjl − ∂lγˆjk) . (D.9)
It is easy to see that Γ0i0 ∼ Γi00 ∼ Γijk ∼ 3Γijk ∼ O(ǫ), and therefore 3R ∼ 3Rij ∼ O(ǫ2).
E Two-parameter perturbation theory and separate universe picture
In the paper we employed two-parameter spacetime perturbations. Here the two-parameter
perturbation theory is summarized and a smoothing map is introduced to describe the ge-
ometry of separate universe picture.
In cosmological application of this theory, one starts with a FLRW spacetime, M0, called
the background and a family of spacetime manifolds, Mm,δ diffeomorphic to the background
for describing the deviation from that. Here the indices m and δ correspond to the order
of smallness in shear and metric/matter fields perturbations, respectively. There is a 6-
dimensional manifold foliated by this family N = M × R2. A map between manifolds, F,
enables us to compare perturbed quantities with the corresponding unperturbed ones, just
as in single parameter perturbation theory. The correspondence between the points of Mm,δ
andM0, usually called the gauge choice, is also assigned by this map, which is a two-parameter
Abelian group of diffeomorphism
Fm,δ : N −→ N. (E.1)
The map Fm,δ|M0 : M0 −→Mm,δ satisfies the following properties:
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M0
Mm,δ
Mm,0
M0,δ
Mm˜,0
N = M× R2
F
m
,δ
F
m
,0
F0
,δ
F
m
,0
F0
,δ
G
m˜
,0
H
Figure 1. The illustration of identification maps between a FLRW background and manifolds of per-
turbed spacetimes. The routes shown in green (densely-dashed), red (dash-dotted) and blue (densely-
dotted) are equivalent diffeomorphisms in two parameter perturbation theory. A good representative
for this set of equivalence is Fm,δ. The equivalence of H ◦ Fm,δ and Gm˜,0 up to O(ǫ2) is discussed
in the paper. This picture holds for a physical spacetime (any patch in separate universe picture),
Mm,δ, with its own initial conditions.
i) Fm1,δ1 ◦ Fm2,δ2 = Fm1+m2,δ1+δ2 , ∀δi,mi ∈ R.
ii) Fm,δ = F0,δ ◦ Fm,0 = Fm,0 ◦ F0,δ .
Since the perturbations are considered as fields living on the background, the pertur-
bation to the background variable T may pulled back to the background by F∗m,δT and then
be written in terms of the background coordinates for comparison,
δFT ≡ F∗m,δT |M0 − T0 . (E.2)
The picture we have in mind for the geometry of this setup is illustrated in Figure 1. Each
route between two submanifolds assigns a diffeomorphism which is used for identifying the
points. The identification tasks are made by the vector fields that generate different gauge
maps F. These fields are defined such that the identified points on different submanifolds,
connected by map F, have the same coordinates {t, xi} and differ only in the values of
coordinates m and δ. In our work, the gauge maps Fm,0 and F0,δ correspond to a specific
coordinate system {t, xi} in Mm,0 and Mm,δ, respectively. The time t gives the slicing of the
perturbed spacetime into t = const. time slices (3-d spacelike hypersurfaces) and the spatial
coordinates xi give the threading of the perturbed spacetime into xi = const. threads. Figure
2 shows the 3+1 decompositions of these manifolds. Slicings and threadings are orthogonal
to each other in Mm,0, where the lapse function β is zero.
The 2-parameter perturbation framework explained above conforms to the usual frame-
work considered in the literature [34–36]. The contribution of the current paper to this
scenario is well described by defining a homogenization (smoothing) map, H, such that
H|Mm,δ : Mm,δ −→Mm˜,0, (E.3)
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Bianchi spacetime: Mm,0
Physical spacetime: Mm,δ
FLRW spacetime: Mo
α = 1
βi = O(ǫ)
α = 1
βi = 0
Synchronous
comoving
coordinates
t =const.
t =const.
t =const.
t =const.
xi=const. xi=const.
xi=const.
O(ǫ)
xi=const.
Figure 2. Slicing and threading imposed on Mm,0 and Mm,δ by Fm,0 and M0,δ, respectively.
and we have H2 = H. This is a surjection map whose inverse image H−1(p) is the patch to
which p belongs. From a mathematician point of view, the classical theory of homogenization
is based on abstract operator convergence and deals with the asymptotic limit of a sequence
of operators parameterized by a small parameter, δ for example. We, however, do not mind
the details of this map, in our work. This map can smooth out the quantities on scales much
larger than the anisotropy horizon T−1.
In Sec. 4, we showed that differential equation governing the evolution of tensor fields
defined on the image of H are equivalent to that of those defined in Mm,δ, in the long
wavelength limit.
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